Group field theories are higher dimensional generalizations of matrix models. Their Feynman graphs are fat and in addition to vertices, edges and faces, they also contain higher dimensional cells, called bubbles.
As a quantum field theory, a GFT is defined by an action functional depending on a field. For some group G, the field in a n dimensional GFT is a scalar φ : G ⊗n−1 → C, invariant under the left group action. The action of a GFT writes (see [14] 
where we used the shorthand notations φ(g α 0 , . . . g α n−1 ) = φ α 0 ,...,α n−1 , and [dg] for the integral over the group manifold with Haar measure of all group elements appearing in the arguments of the integrand.
In n dimmensions, the vertex operator V encodes the connectivity dual to a n dimensional simplex, whereas the propagator K encodes the connectivity dual to the gluing of two n dimensional simplexes along a n − 1 dimensional subsimplex. Thus the field φ is associated to the n−1 dimensional simplexes, and the group elements g to the n − 2 dimensional simplexes.
The Feynman graphs of a GFT are dual to cellular complexes. The cells of this complexes are nD 1 simplexes. They are glued together (as dictated by the propagator K) along n − 1D simplexes of their boundary. These complexes will henceforth be referred to as "space-times complexes". Consequently, GFT is a combinatorial background independent theory which generates possible space-times backgrounds as duals to its Feynman diagrams. The topological properties of these space-time complexes, mainly in the spin foam formulation, has been abundantly studied, and for manifold space-times new topological invariants [15] have been defined.
The rationale behind associating group elements to n − 2D simplexes is that the Feynman amplitude of a give graph of this simple combinatorial model turns out to equal the partition function of a BF theory discretized on the space-time complex. As BF theory becomes Einstein gravity after implementing the Plebanski constraints, it is natural to suppose that choosing more complex vertex and propagator operators one will recover the partition function of discretized gravity.
In fact, in most of the particular GFT models explored so far [16, 17, 18, 19] weights have been associated to the operators K and V , on top of the mere combinatorial data, according to some procedure to implement this constraits. The semiclassical limit of such models has been investigated with encouraging results [20, 21] .
In this paper we take a different approach to GFT. As are interested in the combinatorial and topological aspects of the Feynman diagrams of the action (1), we will chose the purely combinatoric operators K and V which lead to the partition function of BF theory.
Furthermore as we take a quantum field theory approach to GFT's, we do not insist on the topological properties of the space-time complexes, but on those of the graphs themselves! Our study is motivated by the following analogy with matrix models. Even though only identically distributed matrix models are topological in some scaling limit ( [6] ), it turns out that the power counting of more involved models (like for instance the Gross-Wulkenhaar model [22, 23] ) is again governed by topological data. In fact, from a quantum field theory perspective one can argue that the only matrix models for which some renormalization procedure can be defined are those with a topological power counting! Furthermore, the non trivial fixed point of the Gross-Wulkenhaar model [24, 25] opens up the intriguing possibility that GFTs are UV complete quantum field theories! The natural first step in addressing more realistic GFT is to first clarify the question of the topology and combinatorics of simple topological models. In this paper we will deal with the simplest (as far as the topology and combinatorics of the Feynman diagrams are concerned) GFT model, defined in section 2. This new, fermionic, GFT has a surprising SU(n + 1) color symmetry 2 . We then undertake the first steps in a systematic study of the topological properties of its graphs. The latter are detailed in in section 3 where a cellular complex structure of the graph itself is defined. The "bubble" homology of this cellular complex, defined by a boundary operator related to the one of [26] , is detailed in section 3. The amplitudes of the graphs are subsequently related to the first homotopy group of the graph complex in section 5, and a necessary condition for a graph to be homotopically trivial is derived. Section 6 draws the conclusion of our work and section A presents explicit computations of homology groups for several examples of graphs.
The Fermionic Colored GFT
Consider, in stead of an unique bosonic field, n + 1 Grassmann fields, ψ 0 , . . . , ψ n :
with hermitian conjugation
The fields ψ are chosen with no symmetry properties under permutations of the arguments, but are all invariant under simultaneous left action of the group on all there arguments. The upper index p denotes the color of the field ψ p . A (global) color transformation is an internal rotation U ∈ SU(n + 1) on the grassmann fields
The only quadratic form invariant under color transformation is
The interaction is a monomial in the fields. The only monomial in ψ invariant under color rotation is
as
The hermitian GFT action of minimal degree, invariant under (global) color rotation is
where the arguments of ψ p andψ p in the interaction terms are chosen to reproduce the combinatorics of the GFT vertex (see [14] ), that is, denoting g pq = g qp the group associated to the strand connecting the halflines p and q,
The intercation part of the action of equation (8) has two terms. We call the vertex involving only ψ's the positive vertex and represent it like in figure 1 . The second term, involving onlyψ is similar, but the colors turn anticlockwise around it. The vertices have a detailed internal structure encoding the arguments g of the fields and there connectivity. Each of these g's corespond to a strand in figure 1 ).
(0,1,...,n) From equation (8) we conclude that the propagator of the model is formed of n parallel strands and allways connects two halflines of the same color, one on a positive vertex and one on a negative vertex. As the structure of the vertex and propagator is fixed and no permutation of the arguments is allowed, we can encode all the relevant information of a graph in a colored graph with point vertices and colored lines. The strand structure is fixed once the colored graph is given. We orient all lines from positive to negative vertices. In figure 2 we give an example of a 3 dimensional graph drawn either in all the detail or as colored graph with four colors.
A Feynman graph in which the strand structure is explicit will hencefroth be called a stranded graph, whereas the simplified graph in which only the colors are explicit will be called a colored graph. 
Bubble Homology in Colored GFT
The strand structure of the vertices and propagators render the Feynman graphs of our model topologically very rich. This should come as no surprise, as in three dimensions for instance, the space-times duals to graphs include not only all orientable piecewise linear three dimensional manifolds (see [27] and references therein), but also pseudomanifolds. In this paper we take a new approach to study this topology: we will not focus on the topology of "space-times" dual to graphs, but we will concentrate solely on the topological structure of the graphs themselves! For a graph, consider all connected subgraph made only of lines of certain, chosen, colors. We call such a graph a bubble and denote it B C V , where C is the ordered set of colors of the lines in the bubbles and V is the set of vertices. The graph itself is not considered a bubble.
Thus for the example in figure 2 we have the subgraphs with three colors, is obtained by deleting all strands belonging to the line 3. As such we see that the stranded graph of a bubble with p colors (that is a pD bubble) is in fact itself GFT graph.
The subgraphs with zero colors are the vertices of the initial graph. The subgraphs with one color are the lines (as on any vertex we have only one halfline of a certain color). The subgraphs with two colors are cycles of lines along which the colors alternate. They are sometimes the "faces" of the graph. The GFT graphs with three colors are ribbon graphs and the reader can easily check that the faces defined here coincide with the usual notion of face for graphs of matrix models. The higher dimensional bubbles are the natural generalization of faces for higher dimmensions.
These bubbles are the building blocks of a combinatorial graph complex and generate an associated homology. Denote the set of bubbles with p colors (that is |C B | = p) by B p , and define the p'th chain group as the finitely generated group C p (G) = {α p },
These chain groups define homology groups via a boundary operator defined as follows.
which associates to a pD bubble the alternating sum of all p−1D bubbles formed by subsets of its vertices.
• for p = 1, as the lines
• for
These boundary operators give a well defined homology as
Proof: To check this consider the application of two consecutive bound-ary operators on a p bubble
where the sign of the second term changes, as i r is the r − 1'th color of C ′ \ i q if q < r. The two terms cancel if we exchange q and r in the second term. 
Minimal and Maximal Homology Groups
Before proceding to analyze the Feynman amplitudes of colored GFT we will give some generic properties of the bubble homology induced by the boundary operator (11) . Detailed examples of homology computations for graphs are presented in the appendix A. First, by definition d 0 acting on zero bubbles is zero. Thus, for any graph,
where N = |B 0 | is the number of vertices (0 bubbles) of the graph. Our first result concerns the minimal homology group of a colored graph.
Lemma 3. For connected closed graphs H 0 = Z.
Proof The operators d 1 acting on a one chain is
The matrix of d 1 is then incidence matrix of the oriented graph, where a line enters its positive endvertex and exists from its negative end vertex
We will compute the Im(d 1 ) using a contraction procedure. We start by choosing a line B 
, we rewrite equation (18) as
and perform the change of basis in C 0 (G)
under which equation (18) becomes
The first line of equation (21) is the only one involving B
, which is linearly independent from all other B 
The second and third lines of eq. 
and the kernel of d 1 is
For the maximal homology group of a graph G a similar result holds. In fact a contraction procedure for a spanning tree in the graph implied that the first homotopy group is H 0 = Z, and a contraction procedure for a spanning tree in the dual space-time of a graph will in turn imply that H n = Z.
Note first that Im(d n+1 ) = 0. We have the lemma
Proof: Denote the set of all colors C = 0, 1, . . . , n and consider the boundary of an arbitrary n chain
Renaming the c
First, note that the eq. (27) is zero if and only if all c C V are equal, hence
To determin the image of d n , consider the space-timeG dual to the GFT graph G. It is formed by vertices dual to the nD bubbles of G and lines dual to the n − 1D bubbles. We orient the space-time line dual to the bubble B 
In the dual space-timeG, the c 
The vectors in brackets are linearly independent as each of them contains
The other homology groups H p , 0 < p < n depend of the particular colored GFT nD graph one analyzes. Note that in 3D, in order to compute H 1 and H 2 one needs only to determine the kernel and image of the operator d 2 . Several examples are presented in the appendix (A).
Amplitudes and Homotopy
After the study of the homology groups of a GFT graph, the next natural step is to study its homotopy groups. We will only define here a homotopy equivalence for curves which will enable us to define the fundamental group of a GFT graph.
In strict parallel to triangulated polyhedra, we define an edge path as an ordered sequence of vertices [v n , . . . v 1 ] connected by lines (that is, ∀i, ∃B
). An edge loop is a closed edge path,
are homotopically equivalent if the set of vertices v n , . . . v 1 span a 2 bubble. In strict parallel to triangulated polyhedra, we construct the edge path group of a colored GFT graph as follows. Start by associating group elements g ∈ G to all lines of the graph. For all faces B ab V of the graph, the set of vertices V = v n , . . . v 1 is an closed path. The relations defining the fundamental group are associated to the face of the graph and write
where e is the unit element of G, and σ(B
) is 1 (or -1) if the vertex v i is positive (or negative). Finally, we set the group elements associated to a spanning tree T in the graph to e. The fundamental group of the graph is the group of words with generators g B On the other hand, as proved in [26] for a more general case, the amplitude of a colored GFT graph is
for any tree T ∈ G. Therefore the Feynman amplitude of a graph is the volume of the relations defining the fundamental group of the graph over the base GFT group G! In this light the main result of [26] can be translated as follows (see [26] for the appropriate definitions): "type 1 graphs dual to manifold space-times are homotopically trivial". It is however difficult to give a complete characterization of homotopically trivial graphs. A first step in this direction is given by the lemma 5 below.
Lemma 5. If a closed 3D graph is homotopically trivial, then all its 3 colors bubbles are planar.
Proof: If a graph is homotopically trivial then it is homologically trivial
As d 2 is defined on B 2 , with |B 2 | = F , and ker(
where B = |B 3 |. On the other hand we will show below that for a 3D graph
where
is the genus of the 3 colors bubble B 
, will appear only three times, in the three bubbles B 
and adding the equations (40) for all bubbles and using eq. (39) gives
As the vertices of the 3D graphs are four valent we have 2N = L which together with (41) yields (38).
This lemma implies not only that a homotopically trivial graph is dual to a manifold space-time, but also that the combinatorial complex of a homotopically trivial graph is naturally a CW complex.
Note that the reciprocal of lemma 5 is not true. The first example in the appendix A is in fact a non homotopically trivial graph (actually not even homologically trivial!) whose bubbles are all planar.
Conclusion
In this paper we introduced a new, fermionic group field theory. Using and appropriate boundary operator we proved that its graphs are combinatorial complexes. We defined and analyzed the associated homology. Furthermore we defined the natural homotopy transformation for paths on graphs and related the Feynman amplitude of graphs with the fundamental group.
A large amount of work should now be carried out in several directions. In a more quantum field theoretical approach one should not only continue the preliminary studies on the power counting of GFT's [26, 5] but also look for nontrivial fermionic instanton solutions corresponding to [28] and there possible relation with matter fields.
On the other hand our results could be used as a purely mathematical tool to further the understanding of three dimensional topological spaces. The encoding of the bubble complex in colored graphs provides a bridge between topological and combinatorial notions opening up the possibility to obtain, using the latter, new results on the former.
A Homology Computations
In this appendix we compute the homology groups for three examples of four colored graphs.
A.1 First Example
Consider the four colored graph of figure 3 . The reader can check that all lines connect a positive and a negative vertex. . The 2D bubbles (faces) are
The 1D bubbles are 
A lengthy but straightforward computation shows that
Using lemma 3 we conclude that ker(d 1 ) = 16−7 Z and using lemma 4 we conclude that Im(d 3 ) = 3−1 Z. Therefore
Note first that these homology groups match those of RP 3 . Second direct inspection shows that all the bubbles of this graph are planar.
A.2 Second Example
Consider now the graph of figure 4. 
